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Abstract
In this paper, we prove that if every vertex of a simple graph has degree at least , then it has a
subgraph that is isomorphic to a subdivision of a -wheel. We then extend a result of Dirac showing
that every graph with a chromatic number exceeding n has a subgraph that is a subdivision of the
n-wheel.
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1. Preliminaries
Unless speciﬁed otherwise, the terminology used here will follow Bondy and Murty [1].
In particular, a graph may have loops and parallel edges. If v is a vertex of a graph G,
then the set of neighbors of v will be denoted N(v), and the minimum vertex degree of G
will be denoted  or (G). If S is a subset of the vertex set of G, then G[S] denotes the
induced subgraph of G on S. The distance between two vertices, u and v, in a connected
graph G is the length of a shortest uv-path in G and is denoted dG(u, v). Let x1x2 . . . xn be
a path P in a graph G. Then P [xi, xj ], P [xi, xj ), P(xi, xj ], and P(xi, xj ), will denote the
subpathsxixi+1 . . . xj ,xixi+1 . . . xj−1,xi+1xi+2 . . . xj , andxi+1xi+2 . . . xj−1, respectively.
If a graph G has a subgraphG′ that is a subdivision of a graph H, then we say that G has an
H-subdivision.
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2. Dirac’s theorem
In 1960, Dirac proved the following theorem [3]. From this theorem, it is easy to derive
Corollary 1 which he ﬁrst published in 1952 [2].
Theorem 1. Let G be a simple graph with minimum vertex degree . If 3, then G has a
subgraph that is a subdivision of K4.
Corollary 1. Every graph with chromatic number at least 4 has a subgraph that is a
subdivision of K4.
Theorem 1 is stated in terms of subdivisions and one might ask, “How does this theorem
generalize?” To answer this question, we ﬁrst observe that K4 is also the smallest wheel,
denoted W3. In general, a wheel is composed of a cycle, called the rim, together with a
vertex, which we call the hub, that is joined to every vertex on the rim. If k is any integer
exceeding two, then a k-wheel, denoted Wk , is a wheel where the hub has degree k. Thus,
a k-wheel has k + 1 vertices.
3. A generalization to wheels
In this section, we generalize Theorem 1 by proving the following theorem which is the
main result of this paper.
Theorem 2. If G is a simple graph with 3, then G has a subgraph that is a subdivision
ofW.
To prove this theorem, we will use the following technical proposition. Evidently, any
longest path of a graph contains all of the neighbors of its endvertices.
Proposition 1. If G is a simple graph with 3 having no W-subdivision, then G has a
longest path P where the following holds: If x is an endvertex of P and x1, x2, . . . , xl are
the neighbors of x labeled so that dP (x, xi)< dP (x, xj ) if and only if i < j , then P [x1, x2]
is a single edge.
Proof. Suppose the proposition fails. Let P be a longest path in G where, from among all
such paths, |E(P [x1, x2])| is minimum, and let y be the other endvertex of P. Let u be the
vertex adjacent to x2 in P [x1, x2]. We now prove the following lemma.
Lemma 1. If z is a vertex on P(x, x2), then no neighbor of z lies on P [xl, y].
Proof. Suppose zz′ ∈ E(G) such that z′ lies on P [xl, y]. Then the cycle C formed by
the edge zz′ together with P [z, z′] contains every neighbor of x, except possibly x1. Since
P [x1, z] meets C in only one vertex, namely z, it is clear that G has a Wl-subdivision
formed by C together with P [x1, z] and the edges incident with x. Since l, G has a
W-subdivision; a contradiction. 
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Now, let P ′ be the path formed by the edges of P [u, x] together with xx2 and P [x2, y]. It
is clear that V (P ′)=V (P ). Therefore, P ′ is a longest path in G. Since u is an endvertex of
P ′, every neighbor of u lies on P ′. Also, by Lemma 1, every neighbor of u lies on P [x, xl).
Let u1, u2, . . . , um be the neighbors of u on P ′ labeled so that dP ′(u, ui)< dP ′(u, uj ) if
and only if i < j . Evidently, u1 lies on P [u, x]. We now make the following observations;
the ﬁrst of which is trivial.
Lemma 2. |E(P ′[u1, x])|< |E(P [x1, x2])|.
Lemma 3. u2 is a vertex of P [u, x].
Proof. Suppose not. Then since every neighbor of u lies on P [x, xl), every neighbor of u
other than u1 lies on P [x2, xl). Let C be the cycle formed by P [x2, xl] together with xlx
and xx2. Thus, C contains every neighbor of u except u1. Since P [u, x] is a path containing
u1 but avoiding P [x2, xl], it is clear thatG has aWm-subdivision formed byC together with
P [u, x] and the edges incident with u. We conclude that G has aW-subdivision. 
By Lemma 3, u2 lies onP [u, x]. SinceP ′[u, x]=P [u, x], both u1 and u2 lie onP ′[u, x],
and we now consider the size of P ′[u1, u2]. Since u is adjacent to u2 but not to x, it is clear
that x 	= u2 which implies that
|E(P ′[u1, u2])|< |E(P ′[u1, x])|.
Thus, by Lemma 2, the path P ′ is a longest path with fewer than |E(P [x1, x2])| edges
on P ′[u1, u2]; a contradiction. With this last contradiction the proof of the proposition is
complete. 
With the establishment of Proposition 1, we now prove Theorem 2.
Proof of Theorem 2. Let G be a counterexample to the theorem, and let P be a path of G
guaranteed by Proposition 1. So, P [x1, x2] is a single edge.
If y is the other endvertex of P, then the path P ′, formed by the edges of P [y, x2] together
with x2x and xx1, is a longest path having x1 as one of its endvertices. Thus, every neighbor
of x1 lies on P ′, and also on P. By Lemma 1, no neighbor of x1 lies on P [xl, y]. Thus,
every neighbor of x1 lies on P [x, xl]. However, this implies that G has a W-subdivision.
To see this, observe that the cycle formed by the edges of P [x2, xl] together with xlx and
xx2 contains every neighbor of x1. With this, the proof is complete. 
Theorem 2 guarantees a W-subdivision in a graph with 3. The next result, which
generalizes Corollary 1, can be easily derived from Theorem 2.
Corollary 2. Let n be an integer exceeding three. If the chromatic number of G is at least
n, then G has a subgraph that is a subdivision ofWn−1.
Proof. Let G be a counterexample in which |V (G)| is minimal, and let x be a vertex
of G having minimum degree. Since (G)n, by the minimality of G, it is clear that
G.E. Turner III / Discrete Mathematics 297 (2005) 202–205 205
(G− x)n− 1; moreover, G is simple. Thus, d(x)n− 1; otherwise, we could color x
with one of the n − 1 colors that was unused on N(x) in any (n − 1)-coloring of G − x.
Therefore, since x is a vertex of minimum degree, (G)n − 1, and by Theorem 2, it is
clear that G has aWn−1-subdivision. 
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